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1 Introduction and the Main Results 

In this paper we study some nonlinear problem arising from conformal geometry. 
Precisely, consider a Riemannian manifold with boundary (M n ,g) of dimension 
n > 3 and take g — u 4 ''^ n ~ 2 'g, be a conformal metric to g, where u is a smooth 
positive function, then the following equations relate the scalar curvatures R g , Rg 
and the mean curvatures of the boundary h g , hg, with respect to g and g respectively. 

RgU™- 2 in M 
h g u^ on dM 

where c n — 4(n — — 2) and v denotes the outward normal vector with respect 

to the metric g. 

In view of the above equations, a natural question is whether it is possible to 
prescribe both the scalar curvature and the boundary mean curvature, that is : given 
two functions K : M — * K and H : dM — ► K, does exists a metric g conformally 
equivalent to g such that R g — K and h g = HI 

According to equations (Pi), the problem is equivalent to finding a smooth positive 
solution u of the following equation 




— c n A g u + R g u — Ku"- 2 in M 
-^^ + h„u = Hu^ on dM. 



Such a problem was studied in|[(T|,[p||T|,[0,|l|,(T||T|. Yanyan Li 
and Djadli-Malchiodi-Ould Ahmedou [n5| studied this problem when the manifold 
is the three dimensional standard half sphere. Their approach involves a fine blow 
up analysis of some subcritical approximations and the use of the topological degree 
tools. 

Regarding the above problem it is well known that the most interesting case is 
the so called positive one, that is when the quadratic part of the associated Euler 
functional is positive definite. Another interesting case is when a noncompact group 
of conformal transformations acts on the equation leading to topological obstruc- 
tions. The half sphere represents the simplest case where such a noncompactness 
occurs, and in this paper we consider the case of the standard half sphere under 
minimal boundary conditions: 

More precisely, let 

SI = {x e R" +1 / |ar| = 1, x n+1 > 0} 

n > 3 . Given a C 2 function K on Sit, we look for conditions on K to ensure the 
existence of a positive solution of the problem 

Ku^i in SI 
on dSl 

where g is the standard metric of 5™. 

Problem (1) is in some sense related to the well known scalar curvature problem on 



(Pi) 



-c n A q 



R 



_2_9« — I — U 
i-2 dv ^ ll 9 



(1) 



, n(n-2) 
'jU+ 4 U 
du 
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S" 

(2) - A g u + n(n ~ 2) M = Ku^- in S n 

to which much work has been devoted. For details please see H,(H| , 
||, @, ||, and the references therein. 

As for (2), there are topological obstructions of Kazdan- Warner type to solve (1) 
(sec and so a naturel question arises: under which conditions on K, (1) has 
a positive solution. We propose to handle such a question, using some topological 
and dynamical tools of the theory of critical points at infinity, see Bahri j|] , Q]. 
Our approch follows closely the ideas developped in Aubin-Bahri , Bahri || and 
Ben Ayed-Chtioui-Hammami M where the problem of prescribing the scalar cur- 
vature on closed manifolds was studied using some algebraic topological tools. The 
main idea is to use the difference of topology between the level sets of the function 
K to produce a critical point of the Euler functional J associated to (1) and the 
main issue is under which conditions on K, a topological accident between the level 
sets of K induces a topological accident between the level sets of J. Such an acci- 
dent is sufficient to prove the existence of a critical point when some compactness 
conditions are satisfied. However our problem presents a lack of compactness due to 
the presence of critical points at infinity, that is noncompact orbits for the gradient 
of J along which J is bounded and its gradient goes to zero. Therefore a careful 
study of such noncompact orbits is necessary, in order to take into account their 
contribution to the difference of topology between the level sets of J. 
In order to state our main results, we need to introduce the assumptions that we 
are using in our results. 

(Ai) We assume that K\ = K\g$ n has only nondegenerate critical points yo, y s , 
where yo is the absolute maximum, such that 

K(y ) > K( yi ) > ... > K( yi ) > K(y l+1 > ... > K{y s ) 

with 

dK dK 

— {yi) > 0, for < i < I, -rriVi) < 0, for / + 1 < i < s. 
av av 

(A2) Assume that there exists c a postive constant such that c < K(yi), and every 
y critical point of K, K(y) < c. 

(A3) Let Z be a pseudogradient of K\, of Morse-Smale type (that is the inter- 
sections of the stable and the unstable manifolds of the critical points of K\ are 
transverse.) 

Set 

X = U <i<iW s (yi) 

where W s (yi) is the stable manifold of yi for Z. 

We assume that X is not contractible and denote by m the dimension of the first 
nontrivial reduced homological group. 

(A4) Assume that X is contractible in K c = {x € 5 1 ™ / K(x) > c}, where c is 

defined in the assumption (A2). 

Now, we are able to state our first main results. 
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Theorem 1.1 Assume that n > 4. Then, under the assumptions {A{), {A2), (^3), 
{A4), there exists a constant cq independent of K such that if K(yo)/c < 1 + cq, 
then (1) has a solution. 



Corollary 1.1 The solution obtained in Theorem 1.1 has an augmented Morse 
index > m. 

Next, we state another kind of existence results for problem (1) based on a " 
topological invariant" for some Yamabe type problems introduced by Bahri see H . 
To state these results, we need to introduce the assumptions that we will be using 
and some notations. 

(Hi) We assume that K\ has only nondegenerate critical points and we assume 
that there exists yo G dS™ such that yo is the absolute maximum of K\ and 
(dK/dv)(y ) > 0. 

(H 2 ) W s {yi) fl W u (uj) = for any i such that (dK/dv){yi) > and for any j such 

that {dK/dv){ Vj ) < 0. 

For k £ {1, 2, .... n — 1}, we define X as 



X = W s {y l0 ) 

where yi satisfies 

Ktiyi,) = maxiKxfa), /md( yi ) =n-l-k, {dK/dv){ yi ) > 0} 

(Here ind(yj) denotes the Morse index of yi for the function K\). 
(H 3 ) We assume that X is without boundary. 
We denote by C Vo (X) the following set 

C yo {X) = {aS ya + (1 - a)S x /ae [0, 1],i6X}. 

For A large enough, we introduce a map fx ■ C lJQ (X) — > S + , defined by 

C yo (X) 9 (a<5 yo + (1 - a)5 x ) — » r ' n G S+. 

Then C yo (X) and fx{C ya (X)) are manifolds in dimension fe + 1, that is, their 
singularities arise in dimension k — 1 and lower, see ||. Observe that C Vo (X) 
and fx{C yo {X)) are contractible while X is not contractible. 

For A large enough, we also define the intersection number(modulo 2) of fx(C yo (X)) 
with W s (y ,y io ) 

where W a (j/o, yi ) 00 is the stable manifold of (yo> yi )oo for a decreasing pseudogra- 
dient for J which is transverse to fx(C Vo (X)). Thus this number is well defined 
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We then have the following result: 
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Theorem 1.2 Assume that n > 4. Under assumptions (Hi), (H%) and (H3), if 
/Lt(j/o) — then (1) has a solution of index k or k + 1. 



Now, we state a statement more general than Theorem 1.2. For this we define X 
to be 



X = [J yieBh W s (yi), with B k = { yi /md(yi) = n-l-k and (dK/dv)( yi ) > 0}. 
For j/i £ £>fc, we define, for A large enough, the intersection number(modulo 2) 

M*(yo) = /A(C ao (X)).M / s (y ,2/ l )oo- 

By the above arguments, this number is well defined p5|. 
Then we have the following theorem 

Theorem 1.3 Assume that n > 4. Under assumptions (H\), (H2) and (H3), if 
fii = /or eac/i S Bfc , f/ien (1) has a solution of index k or k + 1 . 

The remainder of the present paper is organized as follows. In section 2, we set up 
the variational structure and recall some preliminaries. In section 3, we perform 
an expansion of the Euler functional associated to (1) and its gradient near the 
potential critical points at infinity, then we prove a Morse Lemma at infinity in 
section 4. In section 5, we provide the proof of Theorem 
while section 6 is devoted to the proof of Theorems 1.2 and 



1.1 



1.3 



and Corollary 1.1 



2 Variational Structure and Preliminaries 

In this section we recall the functional setting and the variational problem and its 
main features. Problem (1) has a variational structure. The functional is 

J(u) = 



defined on iJ 1 (5™,K) equiped with the norm 



tt ||2 = | Vu | 2 + ^^ u 2 



(n-2) 



si 

We denote by S the unit sphere of H 1 ^, R) and we set £+ = {u e S/it > 0}. 

The Palais-Smale condition fails to be satisfied for J on S + . Its failure has been 

studied by various authors (see Brezis-Coron pTT[ ] , Lions [^4), Struwe (28)). 

In order to characterize the sequences failing the Palais-Smale condition, we need 

to introduce some notations. 

For a € and A > 0, let 

A 2 ^ 

5 a ,\(x) = c - 



(A 2 + 1 + (A 2 - 1) cos d(a, a;)) " 
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where d is the geodesic distance on (S+^g) and cq is chosen so that 



: n(n-2) ~ ~£±§ . , .„ 
-A<S a , A + <5 a ,A = d o A , m S + . 



For e > and peN*, let us define 

V(p, e) ={u e £ + /3 ax, a p <E 5", 3 Ai, Ap > 0, 3 a%, a p > 

4 

s.t. ||u-^aj5i|| < e and |— l — — - 1| < e, 

i=i a™~ 2 K(cij) 

Xi > e^ 1 ,Eij < e and Ajdj < e or Xid t > e -1 } 

where Si — S aii x t , di — d(ai,dS 1 ] r ) and — (Xi/Xj + Xj/Xi + XiXjd 2 (ai,aj))~ 
The failure of Palais-Smale condition can be described as follows: 



Proposition 2.1 (see \2^ j and \2qj) Assume that J has no critical point in 
S + and let (ilk) G S + be a sequence such that J(uk) is bounded and VJ(«t) — » 0. 
Then, there exist an integer p £ W , a sequence Sk > (sk — > 0) and an extracted 
subsequence of Uk, again denoted (uk), such that Uk € V(p,Sk)- 

Now, we consider the following subset of V(p, e) 

V b (p, e) = {ue V(p, e) / Xidi < e}. 
The following lemma defines a parametrization of the set Vb(p, e). 

Lemma 2.1 (see ^J, Jg^/j There is Eq > such that if e < Eq and u <E Vb(p, e), 
then the problem 

p 

min{||w-^aA||, a t > 0, A 4 > 0, a t e dS+} 
i=i 

has a unique solution (up to permutation). In particular, we can write u £E Vb(p,e) 
as follows 



v, 



where (ai, a p , ai, a p , Ai, X p ) is the solution of the minimization problem 
and where v G H 1 (S") such that for each i = 1, ...,p 

(v,Si) = (v,dSi/dXi) = (v,dSi/dai) =0. 

Here (., .) denoted the scalar inner defined on H 1 (S^) by 

f n(n-2) f 
[u,v) — / VuVt> H / uv. 



G 



Before ending this section, we mention that it will be convenient to perform some 
stereographic projection in order to reduce our problem to M™ . Let D 1,2 (R™ ) denote 
the completion of C£°(R") with respect to Dirichlet norm. The stereographic pro- 
jection 7r a throught a point a G dS" induces an isometry i : H 1 (S") — > Z) 1 ' 2 (]R™) 
according to the following formula 



In particular, one can check that the following holds true, for every v £ iJ 1 (S'") 



In the sequel, we will identify the function K and its composition with the stere- 
ographic projection ir a . We will also identify a point b of S" and its image by 7r . 
These facts will be assumed as understood in the sequel. 

3 Expansion of J and its gradient at infinity 

This section is devoted to an useful expansion of J and its gradient near a potential 
boundary critical point at infinity consisting of two masses. 

Proposition 3.1 For e > small enough and u — Y^i=\ a i<5a;,A s +"£ H(2, e), we 
have the following expansion 






4(n- 2) 



2 



Xi dv 



J(u) = 



(ar 2 K(a 1 ) + a^- 2 K(a 2 )) 



In " 2n 



-2 



1 + 



(Oi) 




where 




^K" 2 ^(ai) + " 2 "" 2 ^M), 



7 



■y( a i + a l) 
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Proof. We need to estimate 

N(u) = | M| 2 and = I K{x)u^ . 



In order to simplify the notations, in the remainder, we write Si instead of S ai ,Xi- 
We now have 

N(u) = ajlM 2 +a 2 2 \\~S 2 \\ 2 + IM| 2 + 2 ai a 2 ( f V*iW a + " ( " ~ 2) f ~5 1 5 2 ) 



Observe that 

+ 
and 



Jr™ jr™ 

where 5$ denotes 8 ai _\ i and, for a S W 1 and A > 0, <5 a >, denotes the family of 
solutions of Yamabe problem on W 1 defined by 

Sa.\{x) = CO- — 7~^2~ ■ 

(1 + \ 2 \x - a\ 2 ) — 
A computation similar to the one performed in Q) shows that 

S p6 2 = l -c 2 e 12 + 0{ef 2 log{e^)). (3.2) 

Thus 

JV = 7 + a 1 a 2 c 2 e 12 + \ \v\\ 2 + 0(e£ 2 log{e^)) 
For the denominator, we write 

n I ~ ~ 2n 2 7^ / ~ — rc + 2 

= \ K{ol\5\ + a 2 5 2 )^^ H / iffaiJi + ot 2 5 2 )~^ s v 

J si n-2 J S n 

n(n + 2) 



2 . K(ai5i + a 2 S 2 )™- 2 v 

(n - Z) Jgn 

+ o([ (ai<5i + a 2 (5 2 )^ _1 inf((ai(5i+a 2 5 2 ),|w|) 3 + / \v\~^ 
We also write 

(Tnrtol»-2 = / K(ftil)iln-S 4- / K [ ) n - 2 4- 

71-2 

y K(a 2 5 2 )^oti6\ + O (J sup(<5i, <5 2 )^ inf (<5 : 



X(ai^i + a 2 <5 2 )"- 2 = / K(aili) »-* + / K(a 2 6 2 ) " + — ^ / ^(oti^i) 
2n /" „, ~ . "+2 



n - 2 J» 
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Expansions of K around a\ and 02 give 



(3.3) 



#6)^ = K(a,)^£i2 + O [s£ 2 log{s^) + ^(^(^^ 



(3.4) 



It easy to check 



L 



sup(li,5 2 )inf(*i,*2) = 0(ef 2 2 log(e^)) if n > 4 



(3.5) 



and 



{ax~5i + a 2 ~S 2 )^- 1 inf((aifc + a 2 J 2 ), M) 3 + f \v\& = O (||«H inf f 3 '^))(3.6) 



Combining ( |3.l|) , (|3.2j ), (|3.3|), ( p.4| ), ( |3.5[) and (|3.6| ), we easily derive our proposition 



□ 

A natural improvement of Proposition 3^1 is obtained by taking care of the v- 
part, in order to show that it can be neglected with respect to the concentration 
phenomenon. 
Set 

E £ = {v e H\Sl) 1 1 M| < e and v satisfies (Vb)} 
where (Vb) is the following condition 

(Vb) («, *i) = («, Afc/flAi) = («, fltfi/floi) = 0, for i = 1, 2. 

Notice that, one can prove arguing as in Q (see also (26)), that for e small enough, 
there exists p > such that for all v E E e 

Q(v,v)>p\\v\\ 2 . 

It follows the following lemma whose proof is similar , up to minor modifications to 
corresponding statements in (J] (see also p6|). 

Lemma 3.1 There exists a C x -map which, to each (a, a, A) such that ai<5i + a2<52 € 
14(2, e) wzt/i small e, associates v = V( a a x) satisfying 

J{a\5\ + 0:262 + v) = min{ J(a\8i + a2<52 +v), v satisfies (Vb)}. 
Moreover, there exists c > swc/i i/iai </ie following holds 
1 1 



Ml < c ( — + — +e 1 2 2 ^ 2) /o. 9 (e 12 1 ) + ( j/n < 5)e 12 (log(sJ))^r 
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Proposition 3.2 Let n > 4, for u = a\8\ + ol^2 € Vb(2,e), we have the following 
expansion 



(VJ(u),Ai<3<5i/dAi) =2J(u) 



f* it P 4 4 

ya 2 A!^(l - JW^far^O + « 2 ^^ M)) 



„„ ._« 5±| c 3 3K , . 



+ 0(i) 



where C3 



+ (1+1*1*)"+ 



i_2 2n/(n-2) r x„(|x| 2 -l) 
2 C Jl 

Proof. We have 
(VJ(«),/i) = 2J(tt) 
Observe that (see 0) 



r<ia; 



VwV/i + / uh-J(u)^ : 



n + 2 

Kit"-? h 



(3.7) 



(3.8) 



V<5 2 V(A : 



SAT 



o~2 2 Ai 



1 . 9ei 2 
2 C2Al 9A7 



(3.9) 



/• B+? 9(5, 

2VK( ai ) Sr 2 ^ -(x-a t )+0 
-^VK(fl)e„ + 0^) , 



A? 



(3.10) 



(3.11) 



+ 



(3.12) 



Combining (|/7|), (|]|, (|J), ( pUP) ), and (|1|), we easily derive our propo- 

sition. □ 
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Proposition 3.3 Let n > 4. For u = Yl a i^i G H(2>e)j we /lave t/ie following 
expansion: 



VJ(u),-l|^- J =2J( M ) ai e r , 



Cc; flif 



J(u)a 2 C2 



Ai dai 



4J(u) >' 5 :! ^ V r tf(ai ) - O { J + _-,' 2 J A 2 «, - „.,\ 



0[s 12 (Log(e^))"" 2 J2j- 







where 
C4 = (n — 2)cq ' 



n (i + M 2 )'^ 1 



efa; and C5 = — - — 
2n 



(i + N 2 ) 



2>+l 



d.i; 



Proof. An easy computation shows 

1 



V..,V| — |=/ tf 3 ^-**., 



V<5 2 V 



1 <95i 



Ai flai 

±| 1 dSt 



Ai flai / J R n Ai flai 



(3.13) 



^^+0^ 1 f 2 Wer 2 1 )+^A 2 |a 1 -a 2 | ) (3.14) 



RS p 1 |fc = x(ai)c4en + 2 ^VX( ai ) + O ( ^ 
Ai flai Ai ' x ~ 



(3.15) 



1 



1 1 5ei 



^ r2 ATS =XM 2 C2 A 1 flax 



O £i n 2 2 A 2 |ai - a 2 



(3.16) 



n+2 
n-2 



1 dS X 1 1 fl£ 12 / 

^ ^ATfl^ = ^ (ai) 2 C2 ATfl^ + ( v £l2 A2|ai ~ a2 

1 



O [e? 2 2 Log(s^)) + O ( — e ia (ioafe 1 ))' 



(3.17) 

Using (|^), ( |3.13| ), J3.14| ), fl3.15| ) ; ( |3.16| ) and ( ]3.17|) , our proposition follows. □ 
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Proposition 3.4 For u = o^o*,; € Vt,(2, e), we have the following expansion: 



/ ~\ S f r, -t, \ 2(«-ii "+ 2 2r« ftR' 

(VJ(«),*i) =2J( U ) ai ^ ( 1 - J{u) — ar 2 K( ai )\ +2J(u)^^ar 2 -^^ : (a 1 ) 



J(u)c 2 £i2a 2 -1 + J(u) "•- 



n + 2 
n-2 



where cq = cq J r „ n^+SpT" ^ x an< ^ w ^ ere * s defined in Proposition 3.1. 



Proof. Using estimates (3.1), (3.2), (|3.3|) and (3.4), we easily derive our proposition. 



□ 

Before ending this section, we state the above results in the case where we have 
only one mass instead of two masses. 

Proposition 3.5 For e > small enough and u ~ a8 a ,\ + v £ Vf,(l,s), we have 
the following expansion: 



J(u) 



(^/2) (2/K) L , Mn-2) dK 
' (K(a))^ I nK{a)S n \ dv W + /W 

+q( v ,v) + o(^\+o(\\v\\^ 3 ^) 



where 



Q(v,v) = 



a 2 S n 



Ml 2 - 



n + 2 



aK{a)S n 



(n - 2)K[a) 



Proposition 3.6 For u = aS ai \ £ Vb(l,e), we have the following expansion: 



„„ , ,3i I . T . . 2(7.-1) „ +2 c 3 dK . , „ / 1 



Proposition 3.7 For w = it = ch5 Qi a € Vh(l,e), we ftai>e i/ie following expansion: 



VJ(«),~ = 2J(w)ae„ 



c 4 



(l - J(u)^a^lf(a)) + 2c 5 J(u)^^ — (a) 



A 9j/ 



AJ{u) — 2 a"- 2 c 5 x v ; + O 



A 2 
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4 Morse Lemma at Infinity 



In this section, we consider the case where we only have one mass and we perform 
a Morse lemma at infinity for J, which completely gets rid of the v-contribution 
and shows that the functional behaves, at infinity, as J(ctS~ ?) + \V\ 2 , where V is a 

variable completely independent of a, A. Namely, we prove the following proposition. 

Proposition 4.1 Fore > small enough, there is a diffeomorphism 

aS a .x + v i — > aS~ x G V b (l, e') 

for some e' such that 

J{aLx+v) = J(a6 li ~ x ) + \V\ 2 

where V belongs to a neighborhood of zero in a fixed Hilbert space. 

The above Morse Lemma can be improved when the concentration point is near a 
critical point y of K i = K/ggn with ^(y) > , leading to the following normal 
form: 

Proposition 4.2 For u — a8~ x G V b (l,e) such that a G V(y,p), §^(y) > 0, p > 
and y is a critical point of K\, there is another change of variable (a, A) such that 

J(u) =ip(a,\) 



._ (S„/2)^ 
{K{h))^ 



where n is a small positive real. 

Here and in the sequel, V(y,p) denotes a neighborhood of y. 



The proof of Propositions |4.1| and }4.2| can be easily deduced from the following 
lemma, arguing as in ||] and M . 

Lemma 4.1 There exists a pseudogradient Z so that the following holds. 
There is a constant c > independent of u — a5 a x in 14(1, e) such that 
i. -(VJ(u),Z)>§ 

ii; -(v^(u + «),2+g^(Z))>S 

iii. Z is bounded 

iv. the only region where A increases along Z is the region where a G V(y,p), 
where y is a critical point of K\ such that ^-(y) > 0. 



Before giving the proof of Lemma 4.1, we notice that combining Proposition 4.2 



and Lemma 4.1, one can easily derive the following corollary. 



Corollary 4.1 Assume that J does not have any critical point. Then, the only 
critical points at infinity of J in 14(1, e), for e small enough, correspond to 5 y ,oc, 
where y is a critical point of K\ = K/g S n such that ^7(2/) > 0. 
Moreover such a critical point at infinity has a Morse index equal to (n — 1 — 
index(K\, y)). 
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Proof of Lemma 4.1 Let u — a8 a ,\ £ V&(1, e). We divide Vb(l,e) in three 
regions. 

1 st region. a U <i< s 1%i, p), where p < |min i7 y d(yi,yj). 
Set Z\ = j§^VxK(a), from Proposition 3.7, we have 



> 



2 nd region. a e U <i<iV(yi, 2p) 
We set 



OA A Oa 



Using Propositions 3.6 and 3.7, we obtain 



, , . . |V T ^(a)| 2 cdK t , / 1 

-(VJ(u), Z a ) > c 1 / ;| + T — (a) + ( - 2 



A 



> 



A' 



A dv 



3 rd region. a e U ;+ i<. t < s V(y», 2p). 
We set 



Using Proposition |3.6|, we deduce that 



86 



-(VJ(u),Z 3 )>-^(a) + o(± I 



> 



A' 

Hence our global vector field will be built using a convex combination of Z\ , Z2 and 
Z3 and will satisfy obviously L, iii. and iv. Regarding the estimate ii., it can be 
obtained once we have i. arguing as in [|| and H. □ 



5 Proof of Theorem 

Our proof follows the algebraic topological arguments introduced in || . Arguing 
by contradiction, we suppose that J has no critical points. It follows from Corollary 
that under the assumptions of Theorem |l.l| , the critical points at infinity of J 



4.1 



under the level c\ = (S n /2) » (K{yi))~^~ + e , for e small enough, are in one to one 
correspondance with the critical points of K\ yo, yi, yi- The unstable manifold 
at infinity of such critical points at infinity, W u (yo)oo, W u (yi)oo can be described, 
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using Proposition 4.2, as the product of W s (yo), W s (yi) (for a pseudogradient 
of K ) by [A, +00 [ domainc of the variable A, for some positive number A large 
enough. 

Since J has no critical points, it follows that J Cl = {u e J2 + /J( u ) < c i} retracts 
by deformation on X^ = Do<j<iW u (yj) 00 (see Sections 7 and 8 of |Q) which can 
be parametrized as we said before by X x [A, +00 [. 

From another part, we have Xoa is contractible in J C2 + £ , where c-i — (S n /2) » c — ~ . 
Indeed from (A4), it follows that there exists a contraction li:[0,l]xI-» K c , h 
continuous such that for any a <E X h(0,a) — a and h{l,a) — oq a point of X. 
Such a contraction gives rise to the following contraction h : Xoo — > defined by 

[0, 1] x X x [0, + 00 [ 9 (t, 01, Ai) 1 — ► 5(fc(t,oi),A) + v S E + , ai e 1, Aj > i 

For t = 0, ^(/^o.aij.Ai) + w = <5 aii Ai + ^ € ^oo- h is continuous and ft,(l,a 1; Ai) = 
^a .Ai + v, hence our claim follows. 



Now, using Proposition 3.5, we deduce that 

J(k(t,ai)M +«) ^ (^y)^W(t,ai)))^ (1 + 0(A- 2 )) 
where K(h(t, ai)) > c by construction. 

Therefore such a contraction is performed under C2 + £, for A large enough, so X x 
is contractible in J C2 +s- 

In addition, choosing Co small enough, J C2 + e retracts by deformation on J Cl , which 
retracts by deformation on X^, therfore Xoo is contractible leading to the con- 
tractibility of X, which is in contradiction with our assumption. Hence our theorem 
follows. 



Before ending this section, we give the proof of Corollary 



1.1 



Proof of Corollary 1.1 Arguing by contradiction, we may assume that the Morse 



index of the solution provided by Theorem 1.1 is < to — 1. 

Perturbing, if necessary J, we may assume that all the critical points of J are 
nondegenerate and have their Morse index < m — 1. Such critical points do not 
change the homological group in dimension m of level sets of J. 
Since Xoo defines a homological class in dimension m which is nontrivial in J Cl , but 
trivial in J C2 + e , our result follows. □ 



6 Proof of Theorems and 

First, we start by proving the following main results 

Proposition 6.1 Let yo be defined in (Hi). Then (yo,yo)oo is not a critical point 
at infinity for J, that is, there exists a decreasing pseudogradient W for J satisfying 
Palais- Smaile in the neighborhood of (3/0,2/0) 00 • 
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Proof. For £o > small enough, we set 



{u = aiS aiM + a 2 S a2t x 2 € Vb{2,e Q )/a 1 ,a 2 £ V(y ) n dS"}. 



Our goal is to build a pseudogradient vector field W for J satisfying the Palais- 
Smale condition in C eo such that for u € C eo , we have 

i. -(VJ(«)^)> 7 ^ + ^(l-J(u)^af~ 2 K( ai )^ + ce{f , 
ii- - (VJ(U + v), W + g^tj)(W)) > i ^ + E(l - J( W )^ar^(a, 



) + 



ce 12 

iii. is bounded 

iv. A„ laa; < 0. 

where 7 is a positive constant large enough. 

We can assume, without loss of generality, that Ai < A2 . We devide C eo in three 
principal regions. 

1 st region. M\ x < A 2 and Vi|l - /(u^ap 5 < where M and C 

are postive constants large enough. 
We set 



dSi 



dS 2 



Wl = Al— - - A 2 — 



9Ai 



dA 2 



From Proposition 3.2, we derive 



(VJ(m),Wi) >c( — + 0(ei 2 ) 



7 M 



A 2 



C£l2 



O (er 2 2 Log{e 12 v ) + e 12 (Logie^ 1 )) " ^ 



1 M 

> 2 1 a7 + a^ 



-£12 



^ c (E i + E^ 1 - j w^«r 2 *(«o + 



2 Ild region. 2MAi > A 2 and, Vi|l - J(u)^ a"' 2 K(<n)\ < 2gl 
In this region, two cases may occur. 

7,-1 

_s 

Case 2.1 £ 12 2 > where do = max(d(yo, ai), d(yo; ^2), d(ai, 02))- 
We set 



Wo 



1 



ai- 



95i / a 2 — a! 



<9ai \d(a 2 ,ai) 



a 2 - 



dS 2 ( a 2 — a x 



da 2 \d(a 2 ,ai) 
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From Proposition 3.3 and the fact that = we obtain 



(VJ(u), W 2 ) = i ^aia 2 c 2 2J(u)^J ^-1 + J(«)^ £ a fc "- 2 tf(a fc )) 2 
/|V T A"(ofc)| , 1 



d(a 2 , a\] 



V Aft A? 



^ 71 — 2 Tl+1 

+ (eiT 2 ^03(ef 2 1 ) + ^— £12 (Lofl^e^ 1 ))" + d(ai, a 2 )£ 1 " 2 " 2 ^ A fc 



Observe that 



E12 ~ (AiA 2 c£(ai, a 2 ) 2 ) 2 .TncfeedAiand A 2 are the same order, and 
-77-— = -(n - 2)AiA 2 (ai - a 2 )e^ 2 ~ 2 • 

Thus 

4 
Ai 



(VJ(u), W 2 ) = — aia 2 c 2 (n - 2) J(u)AiA 2 d(a 1 , a 2 )e[ l 2 2 (1 + o(l)) + R 



> _££i2_ +i? 

~ Aid(ai,a 2 ) 

>cef^-+R (6.18) 

where 



V Ai ' A 2 ^ Aj 



O e^ 2 Log(e^i) + ^ ~\~ £l2 ( Lo 9{ £ ii)) " + d{a 1 ,a 2 )e^ 2 2 ^ A fe 



A fe 

We also observe that 

do 



Ai < e 12 - 2 = o ( £iT 2 ) , (6-19) 



' — ( ~\ \~J7z m ) («■->») 



Aid(ai,a2) \AiA 2 (i(ai, a 2 ) 
Wfa.a^lf 1 '/'"- 2 ' = £ l l 2 /( - 2) (^) 1/2 = (4r 1)/( "~ 2) ), (6-21) 



lN\2(n-2)/n- 



Ai Aido 



o 
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In the same way, we have 



£12 



(^( £ r 2 1 )) ( "" 2)/n = (4r 1)/(n - 2) )+« 



£12 

A 2 d 



(6.23) 



We also have, since Ai|ai — a 2 | — > +00, 

A r 2 = o( ( i A r i ) = o ( e (r 1)/( "- 2) )- 

Similary, we have 



(6.24) 



o e 



_( n -l)/(„-2) 



(6.25) 



Using ( p^ ), ( |09| ), ( p0[ ), |T21| ), ( |6T22[ ), fl6^ ), ( |^24[ ) and d€T25| ), we find 

- (VJ(«), W a ) > C ( e{r mn - 2) + ^ + ^ 
V Ai A 2 

7 UiT* + E ^ + E I 1 - JM^api^a,) 2 ! 



where 7 is a large constant. 

Case 2.2 £^f* < 2|a 
In this case, we set 



W 3 = — 
M 



Oil 



dSi (yo-ai 
da 1 



+ «2 



% / y - 02 



<9a 2 



do 



Using Proposition |3.3|, we obtain 



(VJ{u),W 3 ) = J(u)2c 2 



a x a 2 dsi2 ( a 2 - £Ji 



Ai 9ai 



d 



(l + o(l)) 



2(7.-1) C 5 



2/0 - a k 



Ai ' do 



where 



fl i =0 ( T2 + T2 + £ i2 2 Log(e 



\{ A 2 



O (E — £ i2 (Log(e^)) " + d(ai, a 2 )e 1 ' l 2 2 E Afc 



Thus, we find 



(VJ( U ),^ 3 )>fA 1 A 2 %^) 
Ai d 



" £ i2 2 + VTT ( d ( a i>2/o) 2 + d(a 2 ,y ) 2 



c c 
Ai«o Ai 



-Ri 
(6.26) 
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Observe that 



e? 2 2 Log{e^) = o ( 2 I =o (d^ x ) 



A^ 2 = o (doAfc 1 ) for A; = 1,2, 

£12 (Lo5(£l2 )} a7 = 7W 7^ 



d 



O 



(Log(e^))' 



Ai 

do , £12 



Aid 



Ai Aic?o 

Using (|^26|),(|6^27|),(|6^) and j^29|),we obtain 



(VJ(«),Wi)>G[> + ^+ JJ 



Ai A2 Ai«io 

. r-('^ + ^ + e }r* )/( "" 9) 

Ai A2 



K 

3 rd region. 3i E {1, 2} such that |1 - J(w)^af i ^if(a l )| > 
In this case, we set 

Z = -sign ^1 - J(u)~^ a"~ 2 K(a,i)j S t . 
Using Proposition [TJ, we obtain 

- (VJ(u), Z) > C|l - /(uj^o^^oi)! + O + 0(ei2 

> ||1 - J^^ap^la,)! + + 0(e 12 ). 



We also set 



Wi if MAi < A 2 
-A 2 fff if 2MAi > A 2 . 



Setting VK4 = Z + ZiVC^, we derive 



- (VJ(u), W 4 ) > C ( |1 - J( U )^a,r 2 X( ai )l + ]T X" + £l2 



> 7 2 I 1 " JW^ar^KOI 2 
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Hence our global vector field will be built using a convex combination of W\, W 2 , 
W3 and W4 and will satisfy obviously i., iii. and iv. Next, we give the proof of ii. 
As in H and S, it is easy to prove that 

VJ(u + v) 9V - A W)) <c|«||VJ(u + tJ)| 
d(ai,ai,Xi) J 

= 0(\v\ 2 + \VJ(u + v)\ 2 ). 



By Propositions 3.2 and |3.3| , we can prove that 

|VJ(« + = O fe|l - J(u)^af*K(a k )\ + ]T J- + £l2 + \v\j . 

Using now the estimate of v, we easily derive ii. Thus our proposition follows. □ 
Next, we state the following result whose proof is similar to corresponding state- 
ments in Lemma Al.l || 

Lemma 6.1 (Lemma Al.l ^j) Let u — on Q 8^ Xi t \ iQ ) + a jo^{xj ,\ jQ ); where 
ft) £j jo — ^i' ^1 a gi ven constant 
(ii) U- ■ A, . A,. • Ii 

If, given 5\, B is large enough, there is a pseudogradient vector field of J, built with 
the Yamabe gradient on u, which leads functions such as u in the neighborhood of 
functions of the type aJ^A) +v> where y is close to \{xi +Xj ) up to O(-g-). A > cB 
(c is a universal constant) and \ \v\\ = o(l). 

Now, we will use the above Lemma in the proof of the next main result. 

Proposition 6.2 Let £0 > small enough. There exists a vector field Zq defined 
in 

W Eo = {aAai + ot25 ya ,\ 2 /ai > 0,ai + a 2 = l, x e X, \i > e^ 1 , e i2 < e } 
which can be extended to 

W(2,e ) = {ai<5 Ql!Al + a 2 S a2 ,x 2 +"£ V b (2, e )/ax, a 2 G ~S+} 
so that the following holds: 

f\{C yo (X)) retracts by deformation on X U W u (yo, yi )oo U D, where D C a is a 
stratified set (in the topological sense, that is, D G Efc(5"), the group of chains of 
dimensions k) and where a — ^ yi ex\{y io ,y }Wu{yo, Ui)oo is a manifold in dimension 
at most k — 1. 

Here W u denotes the unstable manifold for Z . 

Proof. First, we notice that assumption (H 2 ) implies that any critical point y of K\ 
such that y £ X satisfies (dK/dv) > 0. Now, we distinguish five cases 
Case 1. There exists i such that on is far away from J '(u)~ 'K(a,i)~s~ ' (i — 1,2). 
We set 



2-T 



Z\ =o au x i a i with Oi = < s=Hts, \ 2 -" 

I —1 if on < J[u) 4 K[ai) 4 — 7] 
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where 77 is a positive constant. 
Using Proposition we obtain 

- (VJ(u), Z 1 ) = c + (A.- 1 ) + 0(e 12 ) 
> c > 0. 

Case 2. For each z S {1,2}, a, = J(u)^r K{ai)^ L and a; ^ V(j/i,p), where 
,0 < j rnin^j and j/j is any critical point of K\ = K/gg"- 

In this case, we have d(x, yo) > c, thus e 12 = o ^ j-^j for i = 1, 2. 
Two subcases may occur 

If Ai < C1A2, where C\ is a large enough positive constant, we set 

Ai oa± 



If Ai > C1A2, we set 



7 + A d§2 
Z 21 + A 2 — . 



Using Propositions |3.2| and 3^3, we derive 

- (V J(u), Z 2l ) > cAf 1 + cA^ 1 + £12 for i = 1,2. 

Case 3. For each i 6 {1,2}, ai = J(u)~ K(ai)~^ and x € V(yi,2p), where 

Ui is any critical point of K\ such that t/j 7^ yo- 

Since x £ X , yi e X and therefore {dK/dv){yi) > 0. Now, we set 

7 _ \ ^! 1 \ 

■^3 — A 17TT r ^2TTT • 

Using Proposition [T^, we obtain 

- (V J(u), Z 3 ) > cA^ 1 + cA^ 1 + £12. 

Case 4. For each i e {1,2}, ai — J{u)^K{ai) ?L T L and x S V(j/o,2/o) 

In this case, we use the vector field defined in the pro of of Proposition |6.l| which 

we combine with the vector field defined in Lemma |6.l| . 

Case 5. a\ = or a 2 = 0. 



In this case, we only have one mass and we use the vector field defined in Lemma 4.1 



Our global vector field Z will be built using a convex combination of vector fields 
defined in cases 1- 5. 

Now, let u = aS x . x + (1 - a)5 V0t x e f\(C yo (X)). 

The action of the flow of the pseudogradient Zq is described as follow. 

If a < 1/2, the flow of Zo brings a to zero, and thus in this case u goes to 

W u {{yo)oo) = {yo}- 
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If a > 1/2, the flow of Zq brings a to 1, and thus u goes, in this case, to 
W u ((y la ) oc ) = X. 

If a = (1 — a) = 1/2, we have an action on x e X = W s (yi B ). In this case, u goes 
to W s {yi), where is a critical point of Ki dominated by y io and two cases may 
occur : 

In the first case y t ^ y , then x goes to W u (y , yi)oo- 

In t he second case yi = yen u goes to W u {yo) 00 by the vector field defined in Lemma 



3.1 



Then our result follows. □ 
We now prove our theorems. 



Proof of Theorem 1.2 We argue by contradiction. Assume that (1) has no solu- 



tion. The strong retract defined in Proposition 3.2 doe s not intersect W u (yo, yi ))<x> 
and thus it is contained in X U D (see Proposition ^2). Therefore H*(X U D) = 0, 
for all * G N*, since f\{C Vo (X)) is a contractible set. 
Using the exact homology sequence of (X U D, X), we have 

... -» H k+1 (X U D) S H k+1 (X U D, D) ^ d H k (X) -»< H k (X U D) - ... 

Since U L>) = 0, for all * e N*, then = H k+1 {X UD,X). 

In addition, (X U £>, X) is a stratified set of dimension at most k, then Hk+i(X U 
13, X) = 0, and therefore H k (X) — 0. This yields a contradiction since X is a 
manifold in dimension k without boundary. Then our theorem follows. □ 



Proof of Theorem [1 . 3| Assume that (1) has no solution. By the above argu- 
ments, X U (Uy je Bj.W„(yo) Hi)) U D is a strong retract of f\(C yo (X)), where D <Z a 
is a stratified set and where ct = ^ yie x\(B k u{yi }}W u (yo, Di)oc is a manifold in 
dimension at most k. 

Since fii(yo) = for each j/j 6 i?^, f\(C yo (X)) retracts by deformation onlUfl, 
and therefore H^(X U 13) = 0, for all * € N*. Using the exact homology sequence 
of (A U D,D), we obtain Hfc + i(A U D,X) = H k (X) = 0, a contradiction, and 
therefore our result follows. □ 
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